In the present paper we present a Grüss type inequality based on the concave majorant of the classical modulus of continuity, for the case of two linear positive functionals which preserve the constants. We consider applications to Bernstein and Bernstein-Stancu operators as well as the probabilistic interpretation of our results.
Introduction
In 1935, Grüss proved, 
If (X, d) is a compact metric space, C (X) is the space of all continuous real valued functions defined on X and A : C (X) → R is a linear positive functional which preserves the constants, then the classical Grüss inequality (1) can be restated as
where f and g are functions in C (X) satisfying m f ≤ f (x) ≤ M f , m g ≤ g(x) ≤ M g , ∀x ∈ X . For more extensions as well as applications of the classical Grüss inequality, we refer the reader to [2] .
Let (U, V ) be a two dimensional continuous random vector with the joint probability density function (joint pdf) given by
✩ The paper has been evaluated according to old Aims and Scope of the journal. It is straightforward to see that A preserves the constants and therefore by applying (2) with A given by (3) and f , g :
where COV[U, V ] denotes the covariance of the random variables U and V . Inequality (4) is known as the probabilistic Grüss inequality (see [3] and the references therein).
Preliminary results
Let (X, d) be a compact metric space and C (X) the Banach lattice of continuous real-valued functions defined on the compact metric space X . Let f ∈ C (X). For t ∈ [0, ∞), the usual modulus of continuity of the function f in the point t is defined by
and its least concave majorant is given by
When X is a compact subset of R n , and d is the Euclidean metric, we will use the short notations ω(f ; t) and
We denote by Lip r the set of all functions f ∈ C (X) having the property that
where r is a fixed number in the interval (0
we define the K -functional by
for f ∈ C (X) and t ≥ 0.
A result that is due to Brudnyi (see [4] ), states that for every continuous function f on X , the identity
In a recent paper, [5] , Rusu studied the non-multiplicativity of positive linear operators H : C (X) → C (X) which reproduce constant functions. The following result was obtained in [5] . 
holds, where
Theorem 2.1 generalizes a result obtained by Acu et al. [6] , for the case X = [a, b] . In the present paper, we will deal with general positive linear functionals A, B :
what follows we will bound the quantity
using the least concave majorants of the moduli of continuity for the functions that define this quantity.
3. An A, B-Grüss type inequality 
where A y denotes the fact that its input is viewed as a function of y (in the exact same fashion, we have defined B x ).
Proof. It is easy to see that
From the above identity, we get
which proves our claim.
As an immediate consequence, for X = [a, b] we obtain the following corollary.
where
For X = [a, b], we also have the following result.
Proof. Using (9), we observe that if h 1 and h 2 are both increasing (decreasing) functions, then
while if h 1 is increasing and h 2 is decreasing or the other way around, then
Using Cauchy's mean value theorem, we get
Applying first B with respect to the variable x and then A with respect to y in the above inequality, gives
In the following theorem we will bound D A,B (f , g) using the least concave majorant  ω d . 
holds.
Proof. Using the Cauchy-Schwarz inequality, we get
Let r, s be two functions belonging to Lip 1 . It follows that
The last inequality can be rewritten as
 .
Taking the infimum with respect to r and s, and using (5) gives
 , which concludes our proof. 
Proof. The proof follows immediately from (13) and the identity . To complete the proof of our result, we first show the following inequality:
Now, (17) follows from (6) and the above inequality. Using the estimate (17), we can further write
. Since  ω(f ; ·) is a concave function, then from Jensen's inequality we have
But  ω (f ; 2 (A(e 1 ) − A(e 2 ))) =  ω(f ; 0) = 0 and the above inequality becomes
From the last three inequalities, we obtain
which concludes our proof.
Applications

A probabilistic inequality
Consider a pair of two dimensional continuous random vectors (U, V ) and (
and consider the linear positive functionals A, B : C (X) → R induced by the joint pdfs of (U, V ) and (  U,  V ), i.e.,
Let f , g ∈ C (X). Then, with A and B defined by (18), we have 
Using the calculations above we obtain
where σ 
Remark 4.1. We have the following special cases of inequality (19) and (20).
(i) For a single random vector (U, V ), i.e., ρ U,V ≡ ρ U,  V , inequality (19) and (20) becomes
which establishes covariance bounds using the least concave majorant of the modulus of continuity.
(ii) If f and g are Lipschitz functions with Lipschitz constants L f and L g respectively, we can bound  ω
In particular, for a single random vector, inequality (21) can be relaxed to 
